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INTRODUCTION 


An important source of information concerning the structure 
of matter is the analysis of the spectra of atoms and molecules 
in their different states of aggregation. In this thesis we are 
interested in the spectroscopic behaviour of molecules in their 
vapor state. Three different motions in molecules lead to the 
production of a spectrum, namely: electronic motion, vibration of 
the parts of the molecule against each other and rotation of the 
molecule as a whole. While the pure rotational spectrum can be 
observed alone, the vibrational spectrum is always superposed by 
a rotational one, and the electronic spectrum is always accompanied 
by a vibrational and a rotational spectrum. In a certain approxi- 
mation the total energy of a molecule is represented by the sum 
of the electronic, vibrational and rotational energies. In this 
paper we will deal only with the infrared and Raman vibrational 
spectrum of some simple polyatomic molecules. Moreover, we will 
neglect the fine structure in these spectra resulting from rota- 
tional motion. 

The production of a vibrational infrared spectrum is associ- 
ated with a changing dipole moment in the molecule. This means 


that a vibrational motion gives rise to an infrared spectrum as 
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long as this motion causes a change in the dipole moment of the 
molecule. In the case of the Raman spectrum, the vibrations give 
rise to the spectrum because of the change in the polarizability 
associated with the motion. 

Vibrations that do not appear in the infrared are called 
infrared inactive and those that appear in the infrared are called 
infrared active. A similer classification leads to a distinction 
of vibrations as being Raman active or Raman inactive. While 
some vibrations appear in both spectra others are only active in 
the Raman spectrum and inactive in the infrared, and vice versa. 

The study of the vibrational spectrum of molecules is help- 
ful in determining the geometrical shapes of molecules, bond 
angles, force constants, internuclear distances, vibrational 
levels, vibrational frequencies, However, there are very few 
cases in which a complete knowledge of the structure of a molecule 
has been obtained. Sometimes additional information may be had 
from the study of the isotope effect. This effect consists in a 
shift of the bands in the asec trun when some of the atoms in the 
molecule are substituted by isotopes. Some weak bands, previously 
unexplained in different spectra, have been found to be due to 
the presence of isotopic molecules. The isotope effect occurs 
also in electronic and pure rotational spectra. For example, the 
isotopes of oxygen, carbon and nitrogen were first discovered 
from the electronic spectra of the corresponding molecules. 

Mathematical expressions based on different assumptions 
about the field of force in a molecule, have been derived for the 


calculation of the vibrational frequencies and also for the 
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frequency shifts upon isotopic substitutions. 

In this thesis a brief discussion of vibrational motion in 
polyatomic molecules will be given with special reference to 
simple triatomic molecules. A general relation will be described 
concerning the isotope effect. In particular this relation will 
be applied to linear and non-linear symmetrical triatomic mole- 
cules. An empirical rule given in the literature will be dis- 
cussed in connection with the general relation concerning the 


isotope effect. 
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Chapter 1 


GENERAL THEORY 


1. The Harmonic Oscillator 

Vibrations in molecules may be treated in first approximation 
as harmonic vibrations, as we will describe presently. The simn- 
plest example of harmonic motion is that of the so-called simple 
harmonic oscillator. 

The equation of motion of a particle executing simple har- 
monic motion is 

a&x 


m—5 = - kx (om a0)} 
at 


where k is the force constant and m is the mass of the particle. 
The solution of this differential equation may be written in the 


form 
x=C cos (t +f). (iy 2) 


Here w= Wey and C and J are constants of integration. Since 
the cosine function is periodic of period 2m and varies from +l 
to -1 through 0, the motion is seen to be vibrational about the 


equilibrium position x = 0, and has a maximum displacement or 





















i Qar@ > 
£ nafgedd 
YAOUNT ISR 
- J 

sote lites? seat 

noigvnnixnotage satit aL Hesse a ad ver sejuoelom ak sac 
-ats oft .ylteeectqg editonsS [itv swees ,zaolseidiv oF 
stanmte Sealiac-ot sav Yo vei at acttom olfsewtad To align 


} mosn Titoge 
agnd- signtea witinoexe elpteoteg a to noldos ‘to noitaupe 


el nole 


x= 
(£2) <= «< — 


— “35 


.aleldisg ot to sanm ent af m Sea thavecce ented abt: 


ei? ai aslvinv od Yar citi Se falinertetiib onad to no! 
i - 


fS 3) .( \+ te) goo 0.2% 


sonié soltin«<estaii to etrmeiancs sas 4 5na 5 bes 7 ay m4, 


f+ wott eetitey Boa wS bokreq Io othokssy +4 mouteat aa fe 

-@f? toods lonoifeativ od of Ase @f O19 a : Lorie fe od 
T - 

to diemece i4elS sumtzam a aes tm Cex age: tsog 

: 7 i “a : 


amplitude C. The argument of the cosine is called the phase angle 
or the phase. j is the phase at t = O and is sometimes called 

the epoch angle. The constant ~ determines the period of the 
vibration, i.e., the time required by the particle at any position 
to return to the same position going in the same direction. 


If we call T = period 


w(t +7) 45 swt +5 + on 
on =wT 


t= on V2. 


Since the frequency Y = 1/T, then 


ys on /¥. (a, 3) 


This equation states that the frequency of a harmonic oscil- 
lator depends only on the mass of the particle and on the force 
constant k, and not on the amplitude of the vibration. 

The potential energy of the harmonic oscillator at any posi- 
tion x, with respect to the position x = 0 is 


x 
va - | -k x dx =% kx®, (I, 4) 
ey 


This means that in a harmonic oscillator the potential energy 
depends on the square of the displacement from the equilibrium 


position. 


In a diatomic molecule, instead of only one particle, we 
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have two particles vibrating against each other. If we assume 

in first approximation, that the restoring forces on both atoms 

are proportional to the displacements from the equilibrium posi- 

tion, the motion of both particles is considered simple harmonic. 

This system of two coupled masses may be reduced to the model of 
a simple harmonic oscillator in the 


ee following way. Let m, and m, be the 
mO c.™. Om, 


masses of the two atoms. If ry and Po 
jk * ——————} 


are the distances of m, and Ms from the 
Fig. 1 center of mass of the molecule, then the 


equations of motion of both particles are 


2 
Sey x 


m7 tance - k(r = Pe) (Ty 5) 


2 
a Po 5 


Mo ae - K(r - rg) (i 6) 


where r is the instantaneous separation of both atoms and r, 1s 
their separation at their equilibrium position. Also 
Mo alt 
a as a and To = + tp T Cla) 


On substituting these expressions in (I, 5) and (I, 6), we 
obtain by combining both equations 


My Mo a°(r - Pe) 


m + mp me =-k(r - rg). (I, 8) 
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m7M5 
This is the equation of a harmonic oscillator of mass “ = im + mp" 
A is called the reduced mass. The frequency of vibration is 
-2 = 
ae Was (1539) 


In the case of polyatomic molecules the situation is not so 
simple since the different atoms are involved in different vi- 
brations. In general, a molecule performs a motion which is a 
combination of translation, rotation and vibration. The total 
number of degrees of freedom of a molecule of N atoms is 3N, of 
which, three correspond to translation of the center of mass along 
the three coordinate axes, and three correspond to rotation about 
the three axes if the molecule is non-linear. If the molecule is 
linear it has only two rotational degrees of freedom, since rota- 
tion about the internuclear axis does not change the position of 
the nuclei. Therefore, a molecule has 3N - 6 or 3N - 5 vibra- 
tional degrees of freedom according to whether it is linear or 
non-linear, respectively. It can be shown that the number of 
vibrational degrees of freedom gives the number of different vi- 
brations. In each of these vibrations the atoms describe, in 
first approximation, a simple harmonic motion. Any complicated 
vibrational motion of a molecule can namely be resolved into 
simple harmonic motions. These simple vibrations are called 
normal vibrations or normal modes of vibration, and their total 
number is 3N - 6 (or 3N - 5). Hence, a complicated vibrational 
motion in a polyatomic molecule may be reduced to that of a number 


of harmonic oscillators, in a manner similar to that by which a 
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diatomic molecule was reduced to one harmonic oscillator. We may 
include translations and rotations as oscillations of frequency 0, 
in which case they are called non-genuine vibrations. The real 
vibrations are called genuine vibrations. The general motion of 
a molecule can then be represented as a superposition of 3N normal 


vibrations, in which we include genuine and non-genuine vibrations. 


2. The Secular Equation! 

Let us consider a molecule, in space, of N atoms which are in 
their equilibrium positions. As long as these particles remain 
in their equilibrium positions, the molecule may be considered as 
a rigid body. Suppose now that one atom j is displaced giving 
rise to restoring forces on the rest of the atoms and on itself, 
These forces depend on the displacement of the j-th atom from its 
equilibrium position, Therefore the components of the forces on 
the atoms, along the x, y, z Coordinates fixed in space, depend 


on the Xs, Vy Zs components of the displacement of atom j. Let 


a: 


re F2 of the force on 


us consider atom 1 and the components :, F 


it due to the displacements of all atoms j. 


PE PCR) Vas ys Xyy Vor Spr 00 yy Vyr By vee My), 
Fy = Pa (x Vy» 2 Xpr Vor 2ys *°* Nye Vyy 2y vee Zn)» (I, 10) 
ri = Fi(x,, Yi» 21» Xa, Yo, Zo, *** Xy, Vy, 23 °° Zn)» 
These expressions merely state the dependence of the forces on 
the displacements from the equilibrium positions. We can write 


down similar expressions for atoms 1, 2, 3, +--+, N. Assuming 
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that the functions (I, 10) can be expanded in power series, and 
that the displacements are small, we can neglect terms of higher 
order than the first and we obtain for the x component of the 


force on any particle i: 


fe il il 12 iN, 
=k xx*1 + ae + ky 221 7 kK x*o t coo + | ae N° 


Writing similar expressions for the y and z components Fy and i, 


leads to the following system of equations for all atoms i. 


4. yi 11 i 12 cee iM 

1. 41 12, ee 
ea eget) + Ry yi1 + Byatt Byete to + eye (ly 22) 
Ao yl 2 i, 12 Le tN, 


Since i takes values 1 =1, 2, 3, +++, N (for a polyatomic 
molecule of N atoms), this is a system of 3N equations in the 3N 
unknowns %» Vz» %, Xo,» v29, Zye 

The constants k are force constants. They are negative be- 
cause of the restoring nature of the forces. ed tells how the 
x component of the force on the i-th particle depends on the y 
component of the displacement of the j-th particle. The relation 
ee = ee holds. It also holds for k's involving subscripts z.° 


In order that the motion be simple harmonic the forces ee 
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where ) is the frequency of the harmonic motion. On substitut- 


ing expressions (I, 12) in the system (I, 11) we obtain 


2 Bn: 11 11 2 7 N 
tn ym 3 ee + Ky + F521 * at 4 2 LN 
22 11 11 sil 12 1N 
when yyy = Ky + yyy + Ky pty + KyyXp + oe + Ky ty 
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Equation (I, 14) is called the secular equation. For a 
particular »y given by the secular equation, the solution of 
(I, 13) gives the displacements of the atoms in the corresponding 
normal vibration. 

The frequencies of the vibrations are observed in the spec- 
trum. By substituting each of these observed frequencies in the 
secular equation we obtain a number of simultaneous equations in 
the unknown force constants. However, the force constants cannot 
be calculated from these relations because the number of unknowns 
is greater than the number of equations. Therefore, we have to 
introduce certain assumptions about the field of force in a mole- 
cule, in order to reduce the number of force constants, or else 
we have to look for additional information. 

There are two important assumptions about the field of force 
in a molecule, that of the so-called central force field and that 
of the valence force field. In the central force field the force 
acting on a given atom is the resultant of the attractions and 
repulsions by all the other atoms, and these attractions and re- 
pulsions depend only on the distances from these other atoms and 
lie in lines connecting them with the one considered. In the 
valence force field there is a strong restoring force in the line 
of every valence bond when the distance of the two atoms bound by 
this bond is changed; in addition, there is a restoring force 
opposing a change in the angle between two valence bonds connect- 
ing one atom with two others. Equations have been derived, using 
the mentioned assumptions, from which force constants and bond 


angles may be calculated. 
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As has been said one way of obtaining more information for 
the calculation of the force constants and for the determination 
of the structure of a molecule, is by making use of the isotope 
effect. Since the nature of the electronic bond is not changed 
when isotopes are substituted, the force constants remain the 
same, but since the masses are slightly different the frequencies 
differ from those of the ordinary molecule. If one or more 
isotope molecules are known, their observed frequencies and 
corresponding isotopic masses may be substituted in the secular 
equation in order to obtain more relations necessary for the 
calculation of all force constants. Such a calculation may be 
achieved in general. Usually, assumptions regarding the field 
of force are introduced to facilitate the evaluation of force 
constants. 

There are cases in which the isotopic shift does not depend 
on the force constants but only on the atomic masses and on the 
geometrical structure of the molecule. Moreover, it will be seen 
in a later chapter that the vibrations of a molecule can always 
be grouped according to their symmetry properties, and that the 
isotopic shifts of each particular group of frecuencies obey a 
relation which is independent of the force constants. Before 
discussing this relation it is important to consider the model of 
the anharmonic oscillator and to give a brief discussion of sym- 


metry properties of molecules and vibrations. 
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of polyatomic molecules. 
We have seen that a particle which moves along the x-axis 
and has a potential energy V proportional to the square of the 
+ displacement from the equilibrium posi- 
tion (V =% kx"), is describing a 
simple harmonic motion and its fre- 
quency is independent of the amplitude 
of the vibration. The curve potential 
energy versus displacement is a parab- 
ola, see Fig. 2. 
5 Z It was mentioned before that in a 
Fig. 2 diatomic molecule the vibration of the 
two atoms against each other can be 
considered simple harmonic only in first approximation. Actually, 
when the two atoms are separated by a large distance, the attrac- 
tive force is zero. Correspondingly, at this large separation, 
the potential energy is a con- 
stant. If the two atoms are 
brought very close to each other 
the repulsive force increases 
very fast. Then, the actual 
potential curve takes the form 
of Fig. 3. The curve is approxi- 
mately a parabola only in the 
neighborhood of the minimum which 





corresponds to the equilibrium 
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position. The potential energy of the molecule can be represented 
by 


V = kx” + x, x? + kx! Hele (I, 15) 


where x = -(r - r,), and the molecular motion is said to be an- 
harmonic. 

If a single particle on the x-axis moves under the action of 
a force such that its potential energy is of the form of (I, 15), 
this particle is called an anharmonic oscillator. Just as the 
harmonic motion of a two particle system was reduced to the model 
of one harmonic oscillator, the anharmonic motion of an actual 
diatomic molecule may be reduced to the model of one anharmonic 
oscillator. 

The solution of the differential equation of motion for the 
anharmonic oscillator is not represented by a simple cosine or 


sine function but by a Fourier series 


x= A, coswt + Ay cos 2wt + Ayn cos Zvt + +++, (I, 16) 


This expression states that the motion can be considered as a 
superposition of simple harmonic vibrations whose frequencies are 
integral multiples of the first frequency wW/on, This is called 
the fundamental frequency and its integral multiples are called 
l-st overtone, 2-nd overtone, 3-rd overtone, etc. For very small 
amplitudes (x—»0O), terms of higher order than the first one can 
be neglected in (I, 15), and the anharmonic oscillator goes over 
into the harmonic oscillator. Thus, although the actual molecule 


is represented by the model of an anharmonic oscillator it is 
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permissible to describe its motion as that of a harmonic oscilla- 
tor if vibrations are considered in the immediate neighborhood of 
the equilibrium position only. In this case the frequency of the 
oscillator is called the zero order frequency. 

If more energy is given to the anharmonic oscillator than 
corresponds to the horizontal asymptote in Fig. 3, the particle 
is completely removed from the field of force and it does not 
come back to the equilibrium position. This corresponds, in the 
actual diatomic molecule to a complete separation of the two atoms. 
The energy necessary for this process is called the dissociation 
energy or heat of dissociation, and is denoted by Din Fig. 3. 

In a polyatomic molecule the different vibrations are, more 
rigorously, also anharmonic vibrations rather than simple harmonic 
vibrations. 

b) Quantum mechanical comparison of harmonic and anharmonic 
motions. 

Let us consider Schroedinger's equation for a system of one 


particle of mass m, moving along the x-axis and with potential 


energy V. 
2 
Lp, Cal eo feeeg) 
ax he 


Substituting V = 5 kx", we obtain Schroedinger's equation 
for the harmonic oscillator. In this case only those values of 


the energy (eigenvalues) which are of the form 


E=hv(v+ 3) (I, 18) 
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where v=1, 2, 3, 4, -+-, give a useful solution wb which is 
single-valued, finite and continuous, and vanishes for x—» o. 

For the fact that the energy can take those discrete values only, 
the energy is said to be quantized and v is called the vibrational 
quantum number, 

Equation (I, 18) shows that the energy levels are equi- 
distant, i.e., differ by the same value. Also, in the lowest 
state v = O there is still a vibrational energy = hy which is 
called the "zero-point energy" or "zero-point vibration." The 

¥ different energy levels are repre- 
sented by horizontal lines in 


Fig. 4. Emission or absorption 





of radiation takes place when the 


energy state of the oscillator is 





changed from one level to another. 
Not all transitions occur; the 


possible transitions are governed 





by selection rules. These rules 





are derived from the quantum 
Fig. 4 mechanical calculation of the 
transition probabilities. The 
seLection rule for the harmonic oscillator allows only transitions 
for which av=t1l1. In Fig. 4, the vertical lines from each 
level to the next one show these transitions, This selection 
rule holds for the infrared and the Raman spectrum as well. For 


a transition from any level v to v +1 the absorbed energy is 


af o & _ 8 


aa 












af folcw adévulion Lxfteemea ovig 4 «> a8 8 


© +x wot evdalnev Boe .pseorditineo bag sting? - 


eino yiey ersrsefs esune fag Aso ywy2edo oft 3 


one] 


so ot v Ofte Besivnayp ed of Sin8 


» oo” 


i 
“tins ste whey yetene eft tad? awoke (@f 2) nots 


daavwol ett ak orl sulev omee Off Uo tetTsEe +8 


ei dolkiw wd = yurtans lenolvetciv a Tritt 2! a } 


" ~ ' +. oof f- - - pean tape wey fe sn t a « : 
a sAQoLuetes v tt, -6O%S Trae i+ OG ~OT8a- 
~a%est o%s siIovel vu" sneTe LTA y 
) 
# & , My p r "a « 
$1.4 ~ ~ ¢ é - 
° 
* ~ 5 ? 
Siw 2s - = is i aM oe i” . ’ 


é P £, ws Tice , _ P ied «za 
si mow eon” Bete’. (fois BLee) ce 


onl ad ~ - (ieee 


* oe ~ 3 o e ‘ ~ a > - 
el tovetlioso ei J stets Zgxse 


: rou oi = 
a) Treva 3°75. BNOL enugty 8. igOG * 
Ley 
- - - « i " 
sefext seent ssi sicifosiss Yd f 
» -, — ~ - - 
Git s if Be | ni git 3. As 2a a eo 
i 4 
af > y . se 
sit To aofie iso tet cine toss + 4% 
af OR x af tal - . . ~ 
of So Cw - cor 7 1 at ae id 
' 
, Ri. 
smoleis rfiag pwolfe qore Litens ofeoevasd ane. sot alu 


anes MméOxt neaif feotiasy att .! «22 al WL 2 ee 
a 
nelffosise nlttT enolt lenst eeaui? wong eno oxen edt 


- : he 
“o> .Iifew se munvoews sams ede? Bas saloaaicd ous = 


= = 
ai yYEtede Sedsands Sf + voty love: waa on? 
_ 


i 


17 


E=hv(v+4) -hy(v +5) = hy (I, 19) 


where v is the frequency of the oscillator. 

On substituting V = kx? + k, x? + kx! + «++ in (I, 17) we 
have Schroedinger's equation for the anharmonic oscillator. In 
this case we obtain useful solutions only for energy values of 


the following form 


E=hvy(v+ 3) + x'(v + 3)* + x"(v + 4)? + see (I, 20) 


where the quantum number v takes again integral values. The con- 
stants x', x",... are called anharmonicity constants. vy is the 


zero order frequency. Since 
Jat]<< |x| ona |x"]e< [xt], + (z, 


terms containing x", x. --- can be neglected, In some cases x" 
can also be neglected in a good approximation. x!' is practically 
always negative, so that for the same quantum number the energy 
of the harmonic oscillator is greater than that of the anharmonic 
oscillator. Equation (I, 20) shows that the energy levels are 


not equidistant but draw closer 





together as we go to higher 
quantum numbers. The energy 
level diagram is shown in Fig. 5. 
The energy is not quantized be- 
yond the dissociation energy so 
that after this level we have a 


Fig. 5 continuun. 
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18 
The selection rule for the anharmonic oscillator is 
4v=71, t 2, t 3, one 


Transitions from the ground state v = O, in the infrared absorption 
spectrum are represented by vertical lines in Fig. 5. The fre- 
quency absorbed in the first transition from v = 0 to v=1, is 
called the fundamental, and the frequencies of the other transi- 
tions are Called l-st, 2-nd, 3-rd, «++ overtones, in analogy with 
classical theory, although these frequencies are not exact mul- 
tiples of the fundamental. 

In the Raman effect thé selection rule for the anharmonic 
oscillator is also av=ti1, t= 2, ---. Therefore we expect here 
also the appearance of overtones. In both, infrared and Raman 
spectra, the intensity of the overtones is very much smaller than 
that of the fundamental and the higher the overtone considered 
the less its intensity. 

The following notation will be used in what follows: 


y = frequency in vib/sec 

W® = zero order frequency in vib/sec 
Y = frequency in em72 

@ = zero order frequency in em72 


x', x", x“, .-. = anharmonicities in ergs 
=] 


> 


X1, Xo, Xz, coo =. a " cm 


The frequency absorbed in a transition from v = 0 to v=v 


is to a good approximation 


\ 


Vy = B(v +4) : x, (¥ +3)? - 3% - (3)*x 
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Dy = Bv + xv + xv". (z, 022) 


For the fundamental, v =1 and 


Y puna = & + 2x, (I, 23) 


Since x,is almost always negative and small, the frequency 
of the fundamental is slightly less than the zero order frequency. 

As mentioned before the vibrations of a polyatomic molecule 
are actually anharmonic. This is due to the fact that the po- 
tential of the field in a molecule is not a simple quadratic func- 
tion of the displacements but contains terms of higher order. 
However, one can still associate a zero order frequency “, with 
each vibration k. The zero order frequencies are given by the 
secular equation while the fundamentals are observed in the 
spectrum. 

The solution of Schroedinger's equation for a vibrating 
polyatomic molecule shows that the energy can only take the values 


BE = “,(v, + 3) + Yo(vo +3) + M3 (vz +3) Psi 
+ x%>7(Vv +t)? 4x (v + 2)2 4x (v. + dye 
ARTE Zab 5 22*"2 2 33° 3 Pe} (1, olt) 
t+ ese + X ol Vy + S)(¥p + 3) + 3 (Vy + 4) (v5 + = 


+ Xp3 (Vo + 3) (v5 + 3) Tele 


where the X44 are anharmonicity constants and the v, are the 


quantum numbers. E is of course in om, 


In the case of one oscillator we obtained a relation (eq. I, 23) 
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between the fundamental and the zero order frequency in terms of 
the anhermonicity Xy - Similarly, we can obtain expressions for 
the fundamentals of the vibrations in a polyatomic molecule in 
terms of the zero order frequencies and the anharmonicities Xi 5° 
For example, let us consider a non-linear triatomic molecule 
which has 3(3) - 6 = 3 vibrations. For the fundamental Vv , of 
vibration 1, the transition is represented by vy, = Ov, = z 
while the rest of the quantum numbers remain at a constant level, 


Bay Vo = Vz = O. Therefore from (I, 24) we have, 
Vy =, (1 + 4) + m1 (1 + 3)? 
2)(2) ~ 10, . 1) 2 
+ xpo( 1 + 5) (5) aed x11(@) i *12 


Sh ive 9 9 3 iL ss iL i i 
9,228,424, +6 45+2 mo - 25, -E my - $e - E43 


Vy =) + 2m) +3 m0 +S m3 (I, 25) 
Similarly 

Vy = Do + exp +h mo +b xy ee 
and 

Vy = Oy + 2x5, +3 m5 +S X05. (I, 27) 


Since the X43 are usually negative and, in general, very 
smal] in absolute value, the observed fundamental frequencies 4 
are usually slightly less than the zero order frequencies W 4° 


There are some molecules for which the zero order frequencies 
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have been Calculated. In other cases this has not been done be- 
cause of lack of experimental data. The zero order frequencies 
can be replaced in many cases by the fundamentals to a fairly 
| good degree of approximation. However, in other cases this sub- 
stitution leads to wrong conclusions. 
The relation mentioned before with reference to the isotope 
effect, and which will be discussed later in this thesis, has 


been derived for the zero order frequencies. 
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Chapter 2 


SYMMETRY CONSIDERATIONS 


1. Point Groups. 

Consider a molecule with its atoms in their equilibrium posi- 
tions, having a certain configuration. If we subject this mole- 
cule to a certain operation as for example, a rotation about an 
axis or a reflection at a plane, and the resulting configuration 
is indistinguishable from the original one the molecule is said to 
be symmetric with respect to that particular operation. The 
operation is called a symmetry operation or a transformation. A 
symmetry operation is carried out with respect to an element of 
symmetry in the molecule. An element of symmetry may be a plane, 
a straight line or axis, or a point. Elements of symmetry go 
through or lie within the molecule. Planes which are symmetry 
elements are denoted by] . (See Fig. 6.) If the configuration 
is the same when the molecule has rotated about an axis by an 
angle 2m/p, this axis is called a p-fold axis of symmetry. (See 
Fig. 7.) When a point is a symmetry element, it is called center 
of symmetry. The point i is a center of symmetry, if for each 
atom k there is another atom j so that i bisects the line joining 


k and j. The symmetry operation connected with the center of 
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i 6 Fig. q 





Sigua 
Fig. 6 to Fig. 10 show the following symmetry elements: C, = p-fold 
axis of symmetry, 0, = plane of symmetry containing the axis of 
higher symmetry, 9, = plane of symmetry Jj to the axis of higher 
symmetry, 1 = center of symmetry 5 = p-fold rotation vefiection 
axis, + in Fig. 7 means an axis Cito the paper, I = identity. 
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symmetry is inversion or reflection at the center; it corresponds 
.to an interchange of all atoms k and j, or to a multiplication of 
the coordinates of all atoms by -1, when the origin of coordi- 
nates is at the point 1. A molecule may or may not have an atom 
at the center of symmetry. (See Figs. 6 and 9.) Another element 
of symmetry is the p-fold rotation reflection axis. The corre- 
sponding symmetry operation consists of a rotation by an angle 
em/p followed by a reflection at a plane perpendicular to the 
axis of rotation (see Fig. 10). The identity symmetry operation 
consists in leaving the molecule unchanged, and it is introduced 
only for mathematical purposes. All molecules, obviously, are 
symmetric with respect to the identity. The notation used to 
indicate the different symmetry elements is given together with 
the figures 6-10. 

Some symmetry elements in a molecule imply the existence of 
others. For example, a 2-fold rotation reflection axis implies a 
center of symmetry. (See Fig. 10.) Symmetry elements can thus 
be classified as essential symmetry elements and non-essential 
symmetry elements. Non-essential elements can be derived from 
the essential ones. 

Consider a compatible set of symmetry operations which 
leaves at least one point unchanged in the molecule, and which is 
such that the successive application of any two of these symmetry 
operations is equivalent to a symmetry operation belonging to the 
same set. Then the set of symmetry operations is called a point 
group. The following table includes some of the point groups 
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and the corresponding notation used when referring to them*. 





Table I. 
Point Groups Symmetry Elements 
Cy No symmetry 
Co One Co 
C. One V 
Coy One Cy, two Ty 
Cay One Cz; three oe 
Do =V Three Cy (mutually perpendicular) 
Don = Vy, Three Cy (mutually perpendicular), 
three VU (mutually perpendicular), i 
Doh Co, @ number of Cy (perpendicular 


to Cg), om number of Ty, one Ty 


Cy and Sy coincident with Cm: i 





In Figs. 11 and 12 are shown two molecules which are examples 
of point groups Coy and D oh respectively. The first molecule is 
seen to have a two fold axis Co and two symmetry planes ey and 


no more symmetry elements. Therefore it belongs to the point 


* The notation used for the point groups in molecular struc- 
ture is the same as that introduced by ASO in the theory 
of crystal structure. 
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26 
group Coy. Similarly, the second molecule is seen to belong to 


the point group D oh: 


2. Symmetry Properties of Vibrations. 3» *»5 

Consider a molecule at any instant during a normal vibration. 
The vibration need not be symmetric with respect to the symmetry 
operations permitted by the molecule while in equilibrium. As an 
example Fig. 13 shows one of the vibrations of the bent symmetri- 
cal XY5 molecule. This vibration is not symmetric with respect 

x to a rotation about Co, while it is symmetry 
with respect to a reflection in the molec- 


ular plane. In order to study the be- 


Y Y haviour of the vibrations with respect to 
the symmetry operations permitted by the 
So molecule we Classify the different vibra- 
Fig. 13 tions as degenerate and non-degenerate 


vibrations. If two or more vibrations 
happen to have the same frequency, we have a two-fold or higher- 
fold degeneracy, respectively. The vibrations whose frequencies 
Coincide are called degenerate vibrations. They are referred to 
as doubly degenerate vibrations when only two coincide, triply 
degenerate when three coincide, etc. Degeneracies come in when 
two or more roots of the secular equation are equal. Under this 
condition the system of equations (I, 13) has two or more inde- 
pendent solutions®, which correspond to two or more normal vibra- 
tions of the same frequency. Consider the case of a double de- 
generacy. The set of coordinates x}, yy, 2), Xo» Yo. Zo» °°° 


which constitutes a first solution is represented by the normal 
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coordinate & & > and the set of coordinates oe ye, z, xe, 72, 2b, 
e+- which constitutes a second solution, is represented by the 
normal coordinate 5 db. Since (I, 13) is a homogeneous system of 
equations, any linear combination of the previous solutions 
(dxf + ex, dyy' + ey?, dzy a ez, axs + exd, -++) is also a so- 
lution, This means that actually a double degeneracy implies for 
the same frequency, the existence of an infinite number of vibra- 
tions which can be represented by the normal coordinates d¢° + 
3 b, In the case of a triple degeneracy, there is, for the same 
frequency, an infinite number of vibrations which can be repre- 
sented by linear combinations of three independent normal vibra- 
tions: ae + ec” + a 

Vibrations which are not degenerate are called non-degenerate 
vibrations. Let us consider first the behaviour of non-degenerate 
vibrations with respect to the symmetry operations which are de- 
fined for the molecule in its equilibrium position. Since the 
equilibrium configuration of the molecule is not changed with the 
symmetry operation, the force constants remain also unchanged. 
Therefore, after the vibrating molecule is transformed, the new 
displacements of all atoms along the three coordinate axes 
(X,, ¥y, 2» Xo, °°°, Zy) have to satisfy the same system of 
equations (I, 13) that held before the symmetry operation was 
carried out. Since (I, 13) is a homogeneous system, its solution 
gives the ratios 
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For these ratios to stay the same, the coordinates Xi, Vy» 
Z1» Xo, Yo, Zo, *** Can only either stay the same, or all change 
sign*, If g and E are respectively the normal coordinates be- 
fore and after the symmetry operation is performed, we can say 


that either 


ie are Wor’. ve Seah (II, 1) 


If 8 = € holds, the vibration is said to be symmetric with 
respect to that particular symmetry operation, while if § = -€ 
holds, the vibration is said to be antisymmetric. A non-degen- 
erate vibration can only be symmetric or antisymmetric with re- 
spect to symmetry operations permitted by the molecule. This is 
expressed by writing +1 or -1 for each symmetry element in the 
molecule. (See Table 2.) 

In the case of degenerate vibrations the situation is dif- 
ferent, If the vibration is doubly degenerate there are two sets 
of vibrations with normal coordinates ¢ * and eP that are so- 
lutions of (I, 13) for the same value of Y . Moreover, any 
linear combination a ¢* + eg” is also a solution. When the mole- 
cule executing vibration ae is transformed, the new set of co- 
ordinates of the vibration has to satisfy the same system (I, 13) 


because the force constants and the masses are the same. This is 


* Since the transformation of the molecule is carried out at 
a certain instant during the vibration the possibility that all 
displacements be multiplied by a constant c such that | c |#1 1s 
excluded. 
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fulfilled, in the more general case, when the transformed vibra- 


tion eae ie a linear combination of € ® end er 1.e., 


sa _ a b 

g pea ca a (22, 2) 
In a similar way, if the molecule is executing the vibration 
represented by & b when the symmetry operation is carried out, 

the resulting normal coordinate on is in general a linear combi- 


nation of Eg & and sue 


z° midumsroh dup Gere) 

Equations (II, 1) are seen to be a special case of (II, 2), 
namely, when d,, = t1 and d,, = 0. In particular cases a de- 
generate vibration may behave according to one of the transforma- 
tions (II, 1), but not in the more general case. Relations 
similar to (II, 2) and (II, 3) hold also for triply degenerate 
vibrations. 

In the case of a rotation about a p-fold axis of symmetry, 


doubly degenerate vibrations follow the transformation: 


go = ee cosp + 2? sin 
ra -e sin + os cos 


g 


where ¢ = 23 3 and J = 1,2, 82043, \(p = 1). 


) 


The behaviour of doubly degenerate vibrations is described 
by giving for all symmetry operations in the molecule the values 


of the sum 


R= Gan + Up | (It, 5) 
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where doe and dip are the constants appearing in the transforma- 
tion equations (II, 2) and (II, 3) for doubly degenerate vibra- 
tions. For triply degenerate vibrations the values of K = dg, + 
dpp + dg, are given. The sums X are called characters. In the 
case of non-degenerate vibrations it was seen that the characters 
are either +1 or -l. 

For the same vibration, the values of the characters corre- 
sponding to the different symmetry operations are in general 
different. For example, a non-degenerate vibration can be sym- 
metric with respect to a reflection at a plane UV but antisym- 
metric with respect to a rotation about a Cy axis. Then, for 
that vibration, x” = +1 while xP =-l. 

If a value X is assigned to each of the symmetry operations 
permitted by the molecule such that the resulting combination is 
Compatible, the set of values X is called a species or a symmetry 
type. In group theory it is called an irreducible representation 
of the group, 98 The symmetry types represent combinations of 
symmetry properties of the normal vibrations and of the vibra- 
tional elgenfunctions. In general, there are several possible 
symmetry types for the same molecule. The vibrations of a mole- 
cule are distributed among the different species compatible with 
the point group to which the molecule belongs. 

Tables have been collected? »29,11,1 for the different point 
groups, containing the symmetry types of vibrations characteristic 
of a particular group, and the characters corresponding to the 
different symmetry operations, The symbols used for classifying 
the different species follow Placzek's notation.? In the 
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mentioned tables the characters are given for the essential sym- 
metry elements of the group, and sometimes, for completeness, the 
characters of the non-essential symmetry elements are also in- 
cluded. In making these tables, the origin of coordinates is 
placed at the center of mass of the molecule, and the z-axis 
along the axis of highest symmetry. Also the coordinates x, y, z 
form a right-handed system. (See Figs. 11 and 12.) Since here 


we will deal with the point groups Coy and D tables for these 


coh’ 
point groups are included in this section. 


Table 2, 
Coy 
Symmetry 
Elements I Co(z) v. Tw. 






The column at the left ofthe above table indicates the dif- 
ferent species, and the upper row shows the different symmetry 
elements of the group. Since there are no degenerate vibrations 
for this point group the characters are always either +1 or -l. 
For species Ay all the characters are +1; for this reason, vibra- 
tions belonging to species A, are called totally symmetric vibra- 


tions. Vibrations belonging to A, are symmetric with respect to 





navy ote attetonsatio —— ta 


oct ,suonetetigsen tol ,weaiveton Sea ,query. edt t 
























-aya’ Jeitneass edd. 16% 


~ff onle ese ctasuete prvasnmye Js rineets-aga esi: 


a! setantbyoos Yo ntslivo-ed? ,weifde? seed? gill 


a 
sfxn-x. off. tas :eluoelom af! Yo eqam ia’ 1esaegs i 


& ,.% .% aeteautbioso edt on [A 6. etemnys Saedy fiote es 
eter eoule si See If oat sea)  esdeus nasal 
eeent t0o1T aa fdisy isfes G Bata ve o aqueys Jatog off atviw 4 


1aitoere afd? al beiuloni sT% 8 


.5 Sita 
J 
ce 
V> * 


Ae 
Yitemoye 

7 0 (2 )gd t edctems 
ei re ¢- 














my a i+ i I+ 
Ae [- i+ i+¢ | ah . 
* hoo {- I+ J- fp a. 


z it oe f- I+ 


-¥ih ont sstrofpat ‘efda? evods eivio Siel ond ta umes fe <i 0 8 
ertenery SneweItlS ett ewode wet ‘eaqu ent San ond 29 
ie 
annotierdivy sterenssead on sae syed? 9 out Be query balk 
f+ 10 Ef tohtis evawin eae acedbatedo eld 
~etdiy déeaer cidt aot : om atotortedo ott é or 
wt> ~atsiy oLeismaye. ylintos Seitab ee: * aetosa a os ita af 


- ot ia hes aera Battonune ome gh st aranote: ed anol 


| Paice 


aa _K ———— 


if ‘ a , Aer ic —_ 


32 


rotation about Co(z), while antisymmetric with respect to reflec- 
tion at the planes Woy and Tyz- In a similar way the behaviour 
of vibrations B, and Bo can be read from the table, The letters 
A and B represent, respectively, symmetry and antisymmetry with 
respect to the axis of higher symmetry, and the subscripts 1 and 
2 represent, in this case, symmetry and antisymmetry with respect 
to the plane we: The non-genuine vibrations, i.e., rotations 
and translations, can be classified in the same way as genuine 
vibrations. The right-hand column of the table shows to which 
symmetry type these translations and rotations belong. ws means 
translation along the z-axis, R, means rotation about the x-axis, 
etc. Fig. 14 represents the trans- 
lation along the z-axis of a mole- 
cule belonging to the point group 
Coy: It is seen that this trans- 
lation is symmetric with respect to 
a rotation about Co(z), reflection 
at O,, and V,,, and of course 


yz’ 
with respect to the identity I. 





Therefore tT. belongs to species A. 
Similarly we can verify the species 
of the rest of the non-genuine vibrations. 

In order to determine the number of vibrations of each 
species in a molecule, the atoms may be divided in sets of equiva- 
lent nuclei. With the purpose of defining a set of equivalent 

nuclei we will say that atoms belonging to the same set can be 


transformed into one another by performing the different symmetry 
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operations of the molecule, Any one of the members of a set is 
called the representative nucleus of that set. For the non- 
degenerate vibrations the positions of the members of a set are 
fixed when the position of the representative nucleus is fixed. 
If the representative nucleus does not lie in any symmetry element 
it has three degrees of freedom. Therefore the set has three de- 
grees of freedom itself. If the representative nucleus lies on 
some symmetry element it has less than three degrees of freedom, 
end the corresponding set contributes less than three vibrations 
to a certain species, The number of vibrations that a set of 
nuclei contributes to a symmetry type is equal to the number of 
 @egrees of freedom of that set in relation to the particular 
species, As an example we may consider point group Co,. If 
there are n sets of atoms with their representative nuclei in no 
symmetry element, they contribute 3n vibrations to any species, 


If there are n, sets whose representative nuclei lie in the 


Zz 
plane xz, they have to move in the plane xz in the A, and B, vi- 
brations, and perpendicular to it in the A, and Bo vibrations, 
since A, and By vibrations are symmetric with respect to a reflec- 
tion at that plane, while Ay and Bo vibrations are antisymmetric 
with respect to a reflection at that plane. This means that the 
sets ne have 2 degrees of freedom in relation to species Ay and 
B, but only one degree of freedom in relation to species Ay and 


Bo. Therefore, these n,, sets contribute en, vibrations to 


XZ 
species Ay and to species B,, and ni, vibrations to species Ap 
and Bo. Similarly, if Nyy is the number of sets whose representa- 


tive nuclei lie in the yz plane, they contribute any», vibrations 
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to species Ay and Bo, and Ny 7 vibrations to species Ap and Bi. 

If the representative nucleus lies on all symmetry elements it 
constitutes a set by itself. In order that the motion of such a 
nucleus be symmetric with respect to all elements of symmetry it 
has to take place along the Co axis, i.e., it has one degree of 
freedom. Therefore, if there are No nuclei of this kind they 
contribute n, vibrations to species A,. They do not contribute 
any vibration to species Ay because an atom lying in both planes 
of symmetry cannot move antisymmetrically (i.e., perpendicular) 
with respect to both planes at the same time. (This is equivalent 
to O degrees of freedom.) The Np atoms contribute n, vibrations 
_to species B, and Bo because in order that the motion be anti- 
symmetric with respect to one plane and symmetric with respect to 
a second plane which is perpendicular to the first, the motion 
must be perpendicular to the first plane; i.e., each atom has one 
degree of freedom in each case. These conclusions for point 
group Coy are given in Table 3, which includes genuine and non- 


genuine vibrations. 


Table 3. 
Sets pope ee ee er pibrevious 
> bm 6A n neluding genuine and non- 
a Ah ae "yz se genuine vibrations 
Ay gn any, any, ny gn + en, + ny, +285 
Ap gn yz, =tyz «= jn + Ny, + Nyy 
By 3n any, Nyy No 3n + Ny, + ys +N, 
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Bo 3n Nye any, ° 3n + ny, aa ny, -b No 


ee ee 





















7 
> 


@ Diet of netooys of enolseudly se bre of a i 
_e@rmmele vatoneqn ite’ ne esti enefoun ovivtavie 
~'tom eng tedt geheo at Bleeds ye fs 


otauete Yo pitenels fle ot tosequet Sere olrten 


gt ’ 
> , y 
- 
So sates eno anc JZ ..a.f ,92RR 6 oc? gnole etes 
a 
ont bifid olde to fteforns gh ete eter? tL ,o71o% 
studittiaes ton ab qed? . A eeioege ot ensoltatdive = 
Bene ftod al erty fs na ezunoed ,A selaaqu GF s 
7 ad e . 
fea tnotbnogtedq) ..a.t) et ‘ofucteamyn fgen evo Tonaaeryt 
vines af afi?) ,omld ehee ead Op Some iq dtod oe 
Fs) t? ty fisgnoo gf « .. efT (,.meGeett te 8 
=i sd nottem ect fad’? wtebso a soviacnd gf Sie fo 
ot foeqaet ‘~ ofetemmye bos eaaig ene of sosqne® oz ey 
not? nit tort? ett of seleetSneateq eft dotay ofrte If 
eno aed mec she ,.o.f 79eiqg Jarl? env 08 te luoline¢ 
bor +6t suofectondo erent .9860 Maas nt cwbeet2 
a 
Ja 
~noh Atis extunss eefotont dotaw .< oidaT at seviy ete 


-scottaneay 


35 


It was shown in Table 2 to which species translations and 
rotations belong. These non-genuine vibrations must be subtracted 
from the expressions given in the last row of Table 3 in order to 
obtain the number of genuine vibrations of each species. 

As an example, the number of vibrations belonging to each 
species will be calculated now for the bent triatomic XY5 molecule 
of point group Coy. This molecule is shown in Fig. 11. From the 
figure it can be seen that n= 0, n,, = 0, Nyz = 1, andn, =1. 
Substituting these values in the expressions of the last row in 
Table 3 we obtain 3 vibrations of species A,, 1 vibration of 
species Ap, 2 of species B end 3 of species Bo. From Table 2, 
tT. belongs to Ay, R, belongs to Ao, T,, and Ry belong to By, and 
Ty and R, belong to Bo- By subtracting these six non-genuine vi- 
brations from the total number already calculated for each species 
we obtain the following genuine vibrations for this molecule: two 
Ay vibrations, w 1 and nary no Ay vibrations, no BL vibrations 
and one Bo vibration, “ 3. These vibrations are shown in Fig. 15. 

Tables similar to the ones just discussed are included for 
the point group D ooh) see Tables 4 and 5. Because of the presence 
of the Co axis, this point group has degenerate vibrations and 
therefore characters different from t 1 appear in Table 4. The 
notation used for the symmetry types of this point group is the 
same as that used for the electronic states in diatomic molecules. 
The Z 's are used for the non-degenerate vibrations; TT's, A's, 
**+ are used for degenerate vibrations. g and u imply symmetry 
and antisymmetry with respect to the center of symmetry, respec- 


tively; the superscripts + and - of the = 's mean symmetry and 
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and antisymmetry with respect to the infinite number of planes 
J,. In Table 5, n, is the number of sets lying inC,, andn, 


v 


4s the number of nuclei lying in all elements of symmetry. 


Table 4. 
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Table 5. 
D Total number of 
oh genuine vibrations 
Species 
+ 
g 2a 
+ 
u No + No - - 
See 0 
Wy ng - 1 
ie No +a, -1 





For the linear symmetrical triatomic molecule XY5 shown in 
Fig. 12, Bigsua 1 and n= 1. From Table 5 it then follows that 
this molecule has one genuine vibration, ~ ,, of species 2 uw one 
genuine vibration, tw 3) of species ae and one genuine doubly- 
degenerate vibration, wo, of species I[,. These vibrations are 
shown in Fig. 16. The + and - in vibration “, mean motions per- 


pendicular to the paper in opposite directions. 
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Chapter 3 


THE ISOTOPE EFFECT 


1. The Redlich-Teller Product Rule. 

It has been mentioned before that the vibrational frequencies 
of a molecule change with isotopic substitutions. The secular 
equation shows that the zero-order frequencies of the vibrations 
depend on the masses of the atoms and on the force constants. 

When the atoms of a molecule are substituted by isotopes, the 
force constants remain the same, but since the masses are slightly 
different the frequencies of the isotopic molecule are shifted 
with respect to those of the ordinary molecule. For each species 
of vibrations of a molecule, there is an expression which relates 
all the frequencies of that species with the corresponding iso- 
topic frequencies, The relation is known as the Redlich-Teller 
product rulel® 13 and it holds strictly only for the zero-order 
frequencies, In words, the rule states that if W,, “bo, 3, 
-++, WY» are the zero-order frequencies of the f vibrations of 

i i a 


any species S in a molecule, and ap Wo, eae eee, Wer are 


the corresponding zero-order frequencies of the isotopic molecule, 
i 
f 


Ww 
then the product ‘7 —t is independent of the force constants 
z J 


t tetyedy 


tJatee 2FOTORI 



















fe 


-Ofnk Touboxt sel fo Tae 


asiofeupert Isnolisadtv eft ted? exoted Benolénem nOod | 


ie} 
é 
i 
| 
| er 

a] 

é 

' 

| 

> 

i 
4 

i™ 
+ 

ss 


Jivadpa OlLcotoel aviv exnedo ue fam 
aiotvetdlvy sac To aeleneupert whth-orer sae sane 
Ritelra0e? sortct sit se ine angte ent to aeueen all 
fig egotoal (7 Sevdscivsdom sta eleosfom a to as 
i2 8908e2M on? eenie Jed ,sime ont oismer eth 
4 . » 


bevtitia ste sinssien Stootoal ald te celomecpext egy 


asiceus fons 1cT .afvealen yrowlses ent *e os ott og 


3 
LP 
cy 
7G 
fwy 
% 
a 
~ 
ae 
NS 

* 
be 

% 

» 


ero"? .efvoeton es To anod 


-o8il poilSthoceserine edt dtiw ee faces” tadd So ae fone 


i19ifel~Gollie? sit s# awonwt ot folsa tes ant a0 Longs 59! 


Telto-criss ev tot yine yitelate ebiad gt bas Stele 


7 is sp Lf cent eeteds aka othe alice ate 2 8 


€ J 
oe by wey upset wehmoceeed en “al 
£ z 4 I 
om ee ye oka ~ tf Bas eluselon s at 8% ase 


~ 


3 
o 
t-- 
o 

J] 
4 
% 
~ 
oe 

fa 
ay 


0 209 Lonpupest ae ow an) Bn. 
ib a 
ednetanco sot%ot ont ot Vashaeyebat af pe 


_ Tf 
a a unas - 7 
a be = 
; oo 
i - 
- ~ ee = 
— 
—_ = 


oo 


and depends only on the masses of the atoms and on the geometry 
of the molecule. In order to state the mathematical expression 
of the rule, for any species 8, the following notation will be 
employed; 

t 


number of translations belonging to species § 


my, = mass of the representative nucleus of set k 


By = number of vibrations contributing to species § 
by set k of equivalent nuclei. (The §,'s are 
the coefficients of the n's in Tables 3 and 5.) 
M = total mass of the molecule 
I, Ty, I, = moments of inertia of the molecule about the 


x, y, z-axes, respectively*, 

a = 1, if rotation about the x-axis belongs to 
species § 

b. = 0, if rotation about the x-axis does not be- 
long to species § 

jy and J, are, similarly, 1 or O according to 
whether rotation about the y and z axes belongs 
to species 8 or not. 


The product rule states that 


i ih a see ane 

k 44 Taadael ed. al 
ee ee Se (121, 1) 
j=1 j =] ne . I; Ty I, 


* The position of the system of coordinates x, y, z with re- 
spect to the molecule is the same as that described on page 31 for 


the construction of the referred tables in section 2, Chapter 2, 
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where the quantities having a superscript i refer to the isotopic 
molecule, while those having no superscript refer to the ordinary 
molecule. O. Redlich has given a theoretical derivation for the 
rulel® on the basis that the force constants remain the same with 
the substitution of isotopes. 

Since the fundamental frequencies differ by small quantities 
only from the zero-order frequencies, the w's in the product 
rule may sometimes be substituted by the fundamentals y's, How- 
ever, there are cases where this cannot be done, as will be 


pointed out in an example. 


2. Application of the product rule to XY, molecules of point 
group C5, and to XY, molecules of point group D.». 

Let us apply the product rule to the non-linear symmetrical 
triatomic molecule XYo of group Coy. In the preceding chapter it 
was shown that this molecule has two vibrations “, and oon of 
species A,, and one vibration 2 of species Bo. For species Bo 
the left-hand side of the product rule is wf, We calculate 
now the right-hand side. There 
are two sets of equivalent 
nuclei with representative 


masses My and my. Table 3 





shows thet in this case By =e 





and By = 2. Table 2 shows that 





ae and dé, = 1 and jy 


Ju = O since the only rotation 


Fig. 17 belonging to species Bs is a 
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rotation about the x-axis, Thus, the only moments of inertia ap- 


pearing in the product rule are I, and im, From Fig. 17 
I, = mya” + 2myb®, (rams 2) 


In order to calculate a and b we must know the position of the 
center of mass. The distance Zz from the center of mass (C.M.) to 


the point O in Fig. 17 is 


_ MyZy + Olay Zay M nys cos @ 
Oty + My My ae CM 


(TT 3) 
From the figure 
a= s cos G@- Z, 


b= Vs sin a)@ + Zz. 


Substituting these expressions in (III, 2) and taking account of 


(III, 4) 


(III, 3), we obtain 


ee ae 
s~- cosa 
Te ey SE ee a, (III, 5) 
My + oy 
| Similarly 
Ae 
s= cosa 
ee eae ein (Ir, 6) 
Bgree ety 
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By taking the ratio 1 /E the quantity 2s° cancels out, There- 


fore, 
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ae my my + 2my sin“ a Me 
I, My my + Qmy sin®o M 
Substituting in (III, 1) we obtain 
ove 
= = (TIz, 8) 
3 





From this equation, the zero-order frequency wi of the 
isotopic molecule can be calculated directly from the zero-order 
frequency © 3 of the ordinary molecule, Since the fundamental 
frequencies, V 3 and 3 differ by a very small amount from the 
zero-order frequencies tay and w3, they may be used in the pro- 
duct rule for the calculation of De in terms of V3. However, 
we cannot substitute the observed V 3 and v3 for Ws and ws in 
the product rule with the purpose of calculating the angle a. 
Although the change in the value of the radical in (III, &) is 
small when the ) 's are substituted for the w's, a, calculated 
in this way, is very far from the actuel value of the angle, since 
an angle is so sensitive to a change of its sine. Sometimes this 
interchange of V's forw 's in the product rule leads to sina > 
1, which corresponds to an imaginary angle. 

For vibrations w 1 and Ors of species Ay > b. = gy = é. 
= 0, since there are no rotations belonging to this species, as 
may be seen from Table 2, Thus, the moments of inertia do not 


appear in the product rule and the radical is independent of the 
angle @. Table 2 shows that t = 1, and Table 3 shows that By =1 
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and By = 2, Therefore, the product rule for species AL is 


wy ws 
a De = i (III, 9) 





Let us consider next the product rule for linear symmetrical 
trilatomic molecules XY», of point group D wh: Again, we have two 
sets of equivalent nuclei with representative masses my and my. 

It was shown in the last chapter that there is only one vibration 
of species >. 7, one of species Ze and one of species Ae Table 
4 shows that the translation T, belongs to The and T, and Ty be- 
long to yey The rotations do not belong to any of the species 
Ee ge or II. Therefore, for the three species de = by = é. 
= 0, | 

Let us consider the product rule for vibration Wy of species 
De From Table 5 it can be seen that By = 0 and By =1. t=0 


as shown in Table 4, On substituting in (III, 1) we obtain 


4 
a /%. (III, 10) 
1 ny | 


For vibrations W, and W, of species TT, ana ae respec- 
tively, By = 1 and By = 1 as shown in Table 5. According to 
Table 4 t = 1 for species > 1. Since T, and T, are degenerate 
with each other, t is also 1 for species ie By substituting in 
(III, 1) we obtain for both species 
























7 
4 
si fl ioe 10 ofom Soubony edd, 
“tis + yd fyi ee\\ \ T oss 
(© .t9L) | cae #8 
c+ mS | Sa) 
x x) \er yy 3 


<4 


| faolie iy? ‘soall tot sing ToubhetY eid vxent yebiedees 
7 _ 

ows evac ow .dtamA ay. G GQtoeh Mhiad te .¥X sefsoes 

fon 4 = S aa : 

“yn Sas ym aoaned evitatnzsenges dttw tefogn gaeigm 
Noigvaiisiv eno Yino al agent gad? a6tqado tae ont aig 

i ste 7 ‘ 7 fo ry = 
ieT Wea g9ill08GG <0 3am0 ane" a asiveda To eno . . 

| | ty : 


~9d 7 Boe .T foe ,.., S of sucoled .? nélgefenasé out g 
é « . “|g 


1] 


. we 


2iF Io the oF eneled tom 6b acoitater-es? Z 
, 9 ob @ ™ selosce serdy of? tot ,esoteTted? ie 
' aelovge to .wW aokterdiv tet elut someoaq ety sebienes 
“se O = »ff tedd ise0 od feo 32 2 aide te 


Aingse ow tik) nt gasdne f £F “dye ao @l efda? 
. 4 


, mae 6 x" \ j tel 
(OL ~i it} mee’ \; ot — 


“ESgnes .. 4 ae : seLooge ze ” 4) Bote 5 & acottondty 
. oF antitoomh 2 sidal at awotle at Ea x" hae = : wl 
| ~? Gna ,T sense “be Ss esieega ot fed # 
nt goitetizacus y@ . Hl sefoeqge aor £ ot in et? eka doe 


; es . a 
saivege sdod ted ning > 
ae 


4b 


ws Ww i 
TRS = (Tips 72) 
Wo ae. 2 





If only the center atom is substituted by an isotope in 
either the linear or the non-linear molecule, the effect is called 
center isotope effect, and relations (III, 8), (III, 9), (III, 10) 
and (III, 11) hold in which m, = my. If only the end atoms Y are 
substituted by isotopes in either molecule, the effect is called 
end isotope effect and expressions (III, &), (III, 9), (III, 10) 
and (III, 11) hold in which my = mi, 

If an isotopic substitution is made such that the symmetry 
of the molecule is lowered, as for example, in the substitution of 
only one of the Y atoms in XY5, then new formulas have to be de- 
rived from (III, 1) on the basis of the symmetry of the isotopic 


molecule. These cases will not be considered here. 


3. The Sum Rule. 
In all cases, except in that of the hydrogen isotope deu- 


1 =m = 4m is very small as com- 


terium, the difference in mass m 
pared to the mass of the atom. On this basis, simpler formulas 
can be derived as an approximation for the frequency shifts Aw, 
of all vibrations j of the same species 8. For simplification R 
will be used in place of the radical in expressions (III, 8), 
(III, 9), (III, 10) and (III, 11). 

Let us consider species Bo of molecule XY 5 belonging to Coy. 


From (III, 8) 
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UW = RW 
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AW Se Oe CO. = Wi = UW) 
5 agg) Big 93 VE eg 3 
AW 3 
oe eee (TIT. 12) 
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2 2 2 
et ee es 1 My +Amy + 2my sin“ + 2A my gia a 
y ee Teme Se eT ee bAtaal 
yp Oe ie ee m, + ny sina 13 
since 
| es + A 
and 


my = my + Omy. 


Expanding and neglecting quadratic terms in am/m, expression 
(III, 13) reduces to 


1h 
- me A my = (ome sin®a) 4 my é 


R=|1+ (Sate, ae )) 


(my + 2my gina) (my + O my) (my + Amy) 


From the binomial expansion and neglecting am/m terms of 
higher order than the first we obtain 
2 2 2 
my 4 my + (amy sin a) Amy 


R=1l- [lee iene Se eS Se Se (IIE; 15) 
2 (my eo 2m, gina) (my + Any) (my + Amy) 
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2 2 2 
AW mo A + ( sin°a)O m 
22 SiG Nps ter Meas Osta lait a a eee 
3 2 (my + 2m, sin@a)(m, + Am,)(m, + A my) 
eee, By?) Oy! Px X 
For the end isotope effect Amy = 0; then, 
AW m,,A 
4 rat : +, 4+___. CEE a7) 
3 (my + 2my sin“a)(my + 4 my) 
For the center isotope effect my = 0; then, 
AW - (m, sin®a) 4m 
sy aca A elke Ot SOY ey 


3 (my + 2my ain®a) (my + A my) 


Similarly, an approximate expression will be derived now for 
the 1lsotope effect in vibrations W, and “, of species A. 
From (III, 9) . 





Wi WS 
Ras ca 
162 
uw AW 
spate it 1) (Wo + AW) 
nr. 3 
R= (1+ ae + “sent (III,19) 


Since 4W,/w, and 4%,/w 5 are very small, the product 


wy De =O and approximately, 








aah eRe ay (III, 20) 
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From (III, 9) we may write for R 


a(m, +Om,) +m, +4 3 
R= Eallectate Epldnessse Pha ga alias Ang aie bs (III,21) 
(my + 4my)*(my + Amy) omy + My 


By expanding and making successive approximations as in the 


case of the B, vibration W._, we obtain 


3 
2 2 
(mymy + my) 4 My + my Smy 














eS ee TEE 
(2my + my)(my + 24my) (my + 4 my) (IIT, 22) 
Therefore, 
Aw ABW (m, + m°) Am + m-4m 
1 25 Rey yee By * By Ex 
Swe (cores © (ea iia, s eAallel eS da ee 
1 2 eee A ay, al se ar 
For the end isotope effect A ny = 0; then 
bw, Aw, - (my + my) (4 My) * ee 
eee ee, 
ww, ae (2my + my)(my + 24my) : 
For the center isotope effect A my = O; then 
Aw, Aw, = pee 
oS + aT = (a ee ee oe (III, 25) 
7 2 my + my)(my + Amy 


Similar approximate relations will be derived below for the 


* Expressions (III, 17) and (IIz, 24) have first been derived 
by E. 0. Salant and J. E. Rosenthall’, 
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frequency shifts of the three vibrations of the linear symmetrical 
XY5 molecule. 


In the case of vibration“, of species 2, 5 (see III, 10); 


EN 2G einen chee 
/3 / : 
mf my + Amy 


4S 
By using the binomial expansion, and neglecting ni SO 
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my + 4 my 
terms of higher order than the first we obtain 

Re=l ory ( ) 

=1-———. TAT ERE Se) 

2(my +A my) se1 

AW a 
Since y/yz =R-l1, 
Alo - A 

“ “x (III, 28) 





OO, ~ 2(my + Amy)’ 


Expressions (III, 10) and (III, 28) are independent of A My. 
For the center isotope effect Om, = 0 and (III, 28) reduces to 
AW, = 0. This means that the frequency Ww, of species Ze does 
not change when only the center atom X is substituted. This is 
s0 because the center atom does not take part in this vibration 
but stays still, and only the end atoms Y move,as shown in Fig. 
16. For the end isotope effect relation (III, 28) holds. 


Let us consider now the vibrations W, of species a and 


2 
ed of species pe From (III, 11) we may write for both vibra- 


tions, 
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By expanding this expression and making successive approxi- 


mations like in the previous cases 











2 2 : 
my Amy + An 
My + Amy)(my + O my) (my + 2my) 
Therefore, 
AW, as 7 mo Am, + ano my 
com tO | CD (me + Acme) (fi + A my) (me + ie aE 
2 3 my Ry) Vy By oy. 
For the end isotope effect A My = O; then 
Aw AW - mA 
a eer ea ee (111,32) 
> 3 2(my + Amy) (my + 2my) 
For the center isotope effect Any, = 0; then 
AW AW = Am 
7s) Es ES as at gee +t : ae: (10,59) 
2 = x x/\emy + my 


For all vibrations of the linear molecule, and for the Bo 
vibration of the non-linear molecule it can be seen from equations 
Clit lie (lite 16) yeClrt, 28), (III, 32) and (111, 33) ithet in 
the center isotope effect and in the end isotope effect, the fre- 
quency shift A is negative when Am is positive, and vice 
versa, Therefore, the corresponding vibrational bands are shifted 


to longer wavelength when the substituted isotopic atom is heavier 
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than the ordinary atom. Similerly, they are shifted to shorter 
wavelength when the isotope is lighter than the ordinary atom. 
In the case of the two A, vibrations in the non-linear molecule, 
nothing can be said in this respect for each vibration separately; 
but equations (III, 24) and (III, 25) show that 

AW, DMs 


———— 
ein. e 


S.0 





according to whether A my Z 0 respectively. 
In general, for all vibrations f of any species S, an ap- 


proximate expression can be derived which gives the value of the 





Aw Aw AW AW 

sun = + ee + ———2 + be + fin terms of the masses of 
1 2 ras ote 3 

the atoms and the geometrical structure of the molecule. The ex- 


pression is called the sum rule because it gives the value of the 


f Aw 

sum > 4. It is an approximation of the product rule. Ex- 
j=1 J 

pressions (III, 16), (III, 23), (III, 26) and (III, 31) are 


special cases of the sum rule, and they hold only when Am is 
small as compared to m. Therefore, in the case of deuterium sub- 
stitutions for hydrogen atoms, the exact formulas (III, &), (III,9), 
(III, 10) and (III, 11) should be used. 

The expressions derived in this chapter regarding the isotope 
effect have been applied to some triatomic molecules XY5. The 
results are collected in Tables 6, 7 and &. 


4, Discussion of the tables. 
Unless otherwise stated the observed frequencies in Tables 


6, 7 and 8, and also in the following pages, have been taken from 
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Herzberg's book!, In these three tables the most abundant atom 

is always considered the ordinary atom and the substituted isotope 
is the atom second in abundance. The masses of the atoms and 
their isotopes are those given by Livingston and Bethe“, 

Table 6 refers to deuterium substitutions for hydrogen atoms 
in bent XY, molecules of point group Coy: Since in this case 
Am/m is of the order of 1 the strict product rule has been used 
for the calculations. The fact that the product rule holds better 
for the zero-order frequencies ow than for the fundamentals VY is 
demonstrated by the example of H0 - D0. 

Table 7 includes isotopic substitutions different from those 


of the hydrogen isotope deuterium in XY, molecules of the same 


2 
point group C,,. Since Om/m is very small in this case, the sum 
rule has been used in the calculations. By comparing column 3 of 
Table 7 and column 3 of Table 6 it can be seen how much larger 
the frequency shift av, is, resulting from deuterium substitu- 
tions than the corresponding shift from other isotopic substitu- 
tions. The quantities AW,/D, and Dy + a in Table 7 are 
all negative, except for the pair H,Se - use ©, since this is 








the only case in which the substituted isotope is lighter than 
the ordinary atom. 

In Table 8, which refers to linear XY, molecules of point 
group D oh? the calculations have been done by also using the sum 
rule, for the reason already mentioned. The second row of this 
table contains the calculated values of the three frequencies 
Y “a y 2 vy of the isotopic molecule. It may be seen that, if 
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a Complete substitution of all three atoms is carried out in the 


linear molecules of Table & or in the bent molecules of Table 7, 
t antit AW ———— — 
he qu ies 3/2 5 and oo + D5 
the sum of the corresponding quantities if the center and end 





become almost equal to 


isotope effects are considered separately. For example in the 
case of SO, for the end isotope effect AM. iz = ~ 0.03126, 
for the center isotope effect Aer [a = - 0.01287, and when the 
three atome are substituted AO; / 55 = - 0.01086. 

One interesting fact in Table 7 is that the only case in 
which the frequency shifts are larger for the center isotope ef- 
fect than for the end isotope effect is that of the 0150 molecule. 
Even though two atoms are substituted in the end isotope effect 
while only one atom oxygen is substituted in the center isotope 
effect, still in this’ case the shift is larger for the center 
atom substitution than for the substitution of the end atoms of 
chlorine. The reason is that, because of the large mass of 
chlorine, these atoms vibrate with a very small amplitude while 
the center atom oxygen, which is much lighter, has a larger ampli- 
tude of vibration. 

It was mentioned earlier in this thesis that the knowledge of 
the frequencies of isotopic molecules is very important in the 
determination of the field of force of molecules, In addition, 
the investigation of the frequency shifts upon isotopic substitu- 
tions is helpful in correlating the observed vibrational fre- 
quencies with the theoretical normal modes of vibration. For ex- 
ample, in CHZC1 there is only one fundamental frequency 732 om71 


which shows an appreciable shift when C139 is substituted by 6137, 
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Therefore it must correspond to the C - 01 vibration. 

Another very interesting possibility of application of the 
isotope effect has just been published. Bigeleisen and Goeppert 
Mayer? have worked out tables and approximation methods from 
which a rapid calculation of equilibrium constants is possible if 


the frequency shifts on isotopic substitution are known. 


5. The Noether Ratio Rule. 

An empirical relation for calculating the frequencies of 
isotopic groups in some molecules has been proposed by Noether@", 
The relation was found in an investigation of the isotopic methyl 


halides and it states that 


s)3 i 
on = Vi (III, 3) 
Vx CH,x! Vee CHsx" 


where wee refers to the frequency of the k-th vibration of the 
heavy molecule CD5x. No theoretical derivation of this rule has 
been given. Experimental data shows that it holds rather well for 
the methyl halides CHCl, CHzBr but not as well for other cases 
like CHZ0H, CH30D, CHZNO5. Also, Noether's data showy that the 
rule works better for some vibrations than for others, in the 
same pairs of molecules. The rule was applied also to the series 
Ho0 - D50, HoS - DoS, HoSe - DoSe, but here the agreement between 
calculated and observed frequencies is poorer than in the before 
mentioned cases. 

We may examine the connection between the Noether rule and 


the Redlich-Teller product rule,and we choose, as examples, the 
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methyl halides CHzC1 = CDzC1 and CHZBr = CDzBr. These molecules 
belong to the point group Czy and have three vibrations Viyv 2 
and VY 3 of species A, and three doubly degenerate vibrations D ,,, 
Vs, and V_ of species E. The product rule may be used for our 
present purpose for the fundamentals instead of the zero-order 

frequencies. In doing so the product rule for the A, vibrations 


in CH3C1 = CDz01 takes the forn: 










A ok 
Y4YeYs My 


Vv m 
Ma a5 CH3C1 D 


Mo, + Mg + 3m 


(IIT, 35) 


Similarly for CH Br - CDBr 


3 





pes Ue: i 
Vireds My 
ViVoyV m 
oa CHZBr 2 






Dar +p lg + 3M 


Mp, + Mg + 3mq (TET, 36) 


Giving the values 1, 2, and 3, successively, to k in (III, 34) 
and multiplying the resulting three equations, the Noether rule 
demands that 


RS 1 Rt a a ER I 
y 
—— - [She (111, 37) 
1%a"s 12% 


From (III, 35) and (III, 36) it can be seen that the last equation 
holds strictly only if My = M, OF My, = Mp, which, of course, is 
not the case. <A similar procedure can be followed with vibrations 
Yu, v 5 and Ve leading to the same result. Therefore the 
Noether rule has no strict validity. 


However, it may be understood why the experimental data 
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support the rule so well for some vibrations and approximately, 
although not as well, for other vibrations in these molecules. 
The reason is that the halogens are very heavy in comparison with 
the other light atoms so that the masses of Cl and Br may be con- 
sidered as almost equal in this approximation. The right-hand 
side of expressions (III, 35) and (III, 36) reduces then to a 


constant if my, and Mp are neglected under the square root: 


Vows vs Mey 
RY ed ies gee: constant. (IIT, 38) 
Vi Vo V3 Mp 


The validity of this relation was tested by putting in it 
the experimental frequency values of the two methyl halides. The 
following table gives the results: 


Table 9. 


(Y 1 VY 2 Yz)CD3x 
(om71)| (Y1 V2 Yz)CHZX 
1354.9 | 732.1 

2972 1305.1 | 611 


As may be expected, relation (III, 38) is better fulfilled for 












CDzBr 0.500 





the heavier of the two halides. 
For vibrations Vy, V 5 and VE of species E the product 


————————_—  — —_-  ~- — 


17 
a 


"% 
TO. 4 


- 
















2 bas ageliuadiv amon tet iiew 
a : 

0 

nl sdoliqndkve see 20% Lew ae o 


£ i > i 
SMe lia 


2 now us vveen miev = ,iagoied i a2. 
| ’ és ‘ta 
tm 31 fre [0 To QeaRem and: tad oa ome 
- * . polteoixetqie afte nt Sadpe tec 
19 et (ot IT) Ama ge 11%) snoieae 
‘ "9 g ru heatos igen Sta qf Has pi t 
L. Lend 
Ba oM oN rac 
ny iad il = ee angen am 
® of) { 
a al el 
{ 
lgtuq vd Boteos sew tf de foe pin? te wWihiieg 
vegem owt ond te visy % yest incnom® 
- a » 
eldat 
erill X-a0 mh ge r 4 
= ; om pees Sa TR — ~ 
wells £ Fi 7 ( ¢ i ‘4 
WG q i. a 4 
Oe tee 
oC 1.6 osc. a | 
002, c ic,6 


 qotted o2.(Bf. , X12) poshe IRS, bete ss 
” 


asbiied: pws, si a 


rouhbouc ent ¢ aeidege To a baa a“ ago BF 


ia 


— 


56 


rule takes the form: 





1 3 
V EYE YG WS (m,, + mg + 3p ) im ee 
WEG Ye cH502 mh (mo, + mg + 3m) 
4 


Here I and I” are the moments of inertia of the molecules CHzC1 
and CDz01 respectively, about an axis perpendicular to the sym- 
metry axis. 


Similarly, for CHzBr and CD3Br, 






tid i 
¥4%5 YE a mg (Map + Bg + 3p) Ty (III, 40) 
Vy Ye Ve np (mp, + mg + 3my) Ty 


CHzBr 


For the same reasons as outlined before, (III, 39) and 


(III, 40) may be reduced to the approximately correct relation 


4A yd , 
Vi_Ve YE _ (avs Ve 
We YW Ww Ww 
45 %6 cH,C1 45 Ve CH,Br 
ma 
= = = constant. (III, 41) 
=D 


Here the approximation is stretched a little further since the 
two moments of inertia have also been taken as equal. This aay 
explain in part why the experimental agreement in this case is 
not as good as in the case of vibrations Y 1? Vo and V 3, as may 
be seen by comparing Tables 9 and 10. 
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Table 10, 












(Vy Y5 6 )CDsx 
(YyVs V6) CH,X 


"5 





3041.8 | 1454.6 | 1015.0 
2286 1058 775 
3055.9 | 1445.3 | 952.0 
2293 1053 (esi 
| 1 a 1 : Uae Bere | 
yy) 
Although the products ws and Vur5%G are independ- 


ent of the force constants, the splitted quantities WE Dee 


CDBr 


4 a i eee 3 i 
Vol Yo, V3/V3 and Vji/Vy, V5/v5; ‘VE/Ve are functions of 
the force constants, The force constants are, with the exception 
of the k for the C-halogen bond, very similar for both methyl 


haliaes@>’ +6, 


Since furthermore the dependence of the products 
on the masses Moy and Mpyp may be considered to be approximately 
the same, the separated ratios Yves Da) Vo, °+ may also be 
approximately constant. With these restrictions in mind the 
Noether rule can be justified. It should hold better for the 
heavier methyl halides, and it should be particularly applicable 
to vibrations in which the hydrogens are mainly participating, 
while the heavy halogens are practically standing still. This 
condition applies to vibrations Vie Vo, Vy and We and it may 
be seen from Table 15 that the ratio rule is well confirmed in 


these cases. In the case of vibration  ¢ which is the bending 
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vibration of the whole molecule, the rule does not hold so well, 
as may be expected. On the other hand, in the case of vibration 
V3, which is the halogen-carbon valence vibration, the rule is 
seen to hold as well as for the CHz vibrations. This may be 
easily understood since the hydrogens partake very little in this 
vibration. Hence, when the deuterium atoms are substituted, the 
shift is practically zero for both methyl halides and the ratio 
V3/v3 is very nearly 1 in both cases. 

Noether's ratio rule should hold approximately also for 
other molecules that satisfy the same or similar conditions as 
the discussed methyl halides, i.e., that they contain hydrogen 
and some very heavy atom or atoms. Let us consider as an example 
chloroform (CHC12), bromoform (CHB), and the corresponding 
"heavy" molecules CDCl; and CDBr3. The results obtained by ap- 
plying the rule to these molecules are tabulated below. * 


Table 11. 
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* The frequencies used are those observed in the pa eeeae Those 
of et, and ores. are given by 0. Redlich and W. Stricks 
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In the case of the vibrations V 3 and V¢ the shift is 
practically zero, which means that the hydrogen atom has very 
little part in these vibrations. Therefore, fulfillment of the 
ratio rule in these cases 1s trivial. The vibrations V, and Vy 
show the largest shift. Of these, the rule gives the best agree- 
ment for 4, which is a hydrogen vibration. For the remaining 
frequencies the results are about the same, but relatively, the 
agreement is better for Vy since in this vibration the shift is 
much greater than in the others, The general conclusions are the 
same as were discussed for the methyl halides. 

Applying the product rule to the two species of vibrations 


A, and E characteristic of group Oxy? leads to the expressions: 

















YiVaVs _ |e (m, + 3m, + Mp) 
Vi Ve2V3 oe My (mg + Jm5, + 7 
3 (III, 42) 
Yaw ve _ my (mo + 3c. = ap 
Vi VYeV3 cHOL, My (Mg + 3g, + my) 
and 
Gee beet 
Vis VE sd 
Vu V5 V6 CHBr 
3 (III, 43) 
Vip Ve V6 _ | my (mg + 3g, + mp) Ty 
Vuvs5 V6 nae, my (Mg + 3m, + my) I, 
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They may be reduced to simpler expressions in the manner employed 
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for the methyl halides. For chloroform and bromoform and their 


isotopic molecules we obtain 


eee ree et 4,1 4)4 
Me 3 _ [Vir23 _ [vivre 
wry. vy Veni z 
1 2°3 cHCL., 123 CHET Vins MG CHC1, 
son -|\=. (III, WA) 
Vy 56 Mp 
CHBr 


Table 12 shows the validity of the simplified relation (III, /}4). 


It must be considered as good. 


Table 12. 









CHC1z-CDCl; 
CHBrz-CDBrz 


Comparison of this table with Tables 9 and 10 shows what we 
expect; namely, a better agreement for chloroform and bromoform 
than for the methyl halides because of the presence of the three 
heavy halogens instead of one. 

In the case of the series H50 - Do0, HS - DoS, HoSe - DoSe, 
the ratio rule is expected to hold better for the molecules 
HoS - DoS and Hose - DoSe than for the case of H50 - Dod, since 


S and Se are much heavier than 0. 
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The results of applying the rule to these molecules are 


shown in Table 13. 


Table 13. 


H50-=D50 H5S-D5S HoSe-DoSe 
ey: 2 eye 2 yi 2 


kK yV, Va ya 

hee Bree obs. 
1 0.7301 0.7245 0.7212 
2 0.7390 0.720 0.6937 
3 0.7425 0.7449 0.7217 


It is seen that the rule holds better for the symmetrical 
vibrations va and V> which are mainly hydrogen vibrations. 

In analogy to the procedure applied to molecules of group 
C3y (methyl halides, etc.) we may deduce a simplified product rule 
also for the mentioned triatomic molecules of symmetry Coy: 


yi yt yi 
pao) es i) = oe = “i (III, 45) 
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Table 14 shows that these relations hold more or less approxi- 


mately. 
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Table 14. 






Molecular Pair 










Hp0-D20 0.7425 0.707 


H5S-DoS 0.719 0.707 | 0.5246 0.500 






0.7217 0.707 | 0.5003 0.500 





HoSe-DoSe 


As expected the best agreement is obtained for the pair 
H,Se-D,Se and the next best for HS - D55, with the exception of 
the observed Y3/Y5 for H,Se - Dose. But this discrepancy may 
be due to an experimental error in the determination of the band 
centers, as Herzberg! pointed out. 

As a last example the molecular pairs CH30H - CD30H, 

CH30D = CDz0D and CHZNO5 = CDzNOp may be compared with the pairs 
CHzBr = CDzBr and CHZC1 = CDz01. The frequency values for the 
first three pairs have been taken from reference 15. 


Table 15. 
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Validity of Noether's ratio rule requires that the different 
values in each row of Table 15 are nearly the same. This is ful- 
filled as well as we might expect. Application of the "simplified" 
product rule is shown in Table 16. 


Table 16. 









CHzBr-CD3Br 


CH301-CDzC1 0.354 
CHz0D-CDz0D 0.354 


The last comparison is not entirely justified, The molecules 
in the last three rows have symmetry properties different from 
those of the methyl halides and therefore, they belong to a dif- 
ferent point group, namely C,, while the methyl halides belong to 
the point group Czy . The vibrations of the molecules of both 
point groups cannot, in a strict sense, be compared since they 
belong to different species. That the discrepancies are not 
greater may be understood when considering that the groups OH, OD 
and NO, may, in many vibrations, be taken as single units or "big 
atoms" to a good approximation. In doing so, i.e., neglecting 
motions within these groups, the higher symmetry Czy may be used 
for describing the vibrations. 
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SUMMARY 


A brief description of the vibrational motion of polyatomic 
molecules has been given, using the models of the harmonic and 
anharmonic oscillators, The secular equation, which gives the 
zero-order frequencies of the different vibrations in a molecule, 
was introduced. It was pointed out how the isotope effect may be 
helpful in the calculation of force constants and in obtaining 
information about the structure of molecules, 

Symmetry properties of molecules and vibrations were de- 
scribed with special reference to point groups Coy and D phe The 
notation used to indicate the different species in these groups 
was introduced and tables containing the characters of the sym- 
metry types were included. 

The Redlich-Teller product rule was discussed, This isa 
rule which relates the vibrational frequencies belonging to a 
certain species in a molecule with the corresponding frequencies 
of the isotopic molecule, in an expression which is independent 
of the force constants. This rule was applied in its strict form 
to deuterium substitutions in bent triatomic molecules of point 
group C5, and in an approximated form to other isotopic substitu- 


tions in bent triatomic molecules and in linear triatomic molecules 
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of point group D one The numerical results were collected in 
tables. 

Noether's empirical relation for the calculation of fre- 
quencies of isotopic groups in some molecules was discussed, It 
was shown in which limited sense the rule may be justified theo- 
retically. This was amplified by discussing a number of examples. 
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